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Stagnation Point Boundary Layer on a
Subliming Surface with Numerous
Small Roughness Elements

~ D.R. Kassoy* and Paul A. Libbyt
University of California-San Diego, La Jolla, Calif.

Introduction

IBBY'! presents an analysis of the laminar boundary layer

at a two-dimensional stagnation point on a subliming
surface which has a structure such that roughness elements
result from the recession, The basic properties of the bound-
ary layer depend in a fundamental way on a nondimensional
parameter T' which is proportional to n, the number of
roughness elements per unit area. The problem is formulated
so that as # and thus I' increase, the extent of the roughness
elements relative to the boundary-layer thickness decreases.
When T’ ~ oo the boundary layer behaves as though slip occurs
at the surface. Libby! demonstrates this result by means of an
asymptotic analysis of a model problem obtained by
neglecting the drag of the roughness elements; the outer
solution is given by the usual stagnation point equations with
modified boundary conditions at the wall and is shown to
compare well with the complete solution of the equations
involving roughness for I' = 10. The purpose of this Note is to
carry out the analysis of the complete asymptotic problem for
constant density flow including the drag of the roughness
elements.

Solution Methods

We begin by considering the streamwise momentum
equation of Ref. 1 for the case of incompressible flow, namely

[ —a)FY + (f~af ) F + (I —a) (I - F?)

+T Q" f, —ak)F=0 (1
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where
F=f"(n)/(I—-«a) @
a=1 n=0 (3a)
a=(I-Tq)? 0<n=<T~! (3b)
a=0 p=T"! (o)

with the associated boundary conditions
n— oo, f,=1; 77:0: f_.fwzf,:'9 (4)

Primes denote differentiation with respect to the similarity
variable 7 defined, along with the stream-function f, in
standard form in Ref. 1. The specified parameter f,,
represents the injection rate associated with sublimation, and
k (in Libby’s notation=mppv,/2r) is a measure of the drag
on the fluid passing around the roughness elements. The

"quantity @ () is the fraction of area covered by solid.

Now we define e=T~/ and develop solutions in the limit
e—0 for £, =0(1) and k=0(1). In the outer region, defined by
Eq. (3¢), Eq. (1) and the first part of Eq. (4) become

PRI (U =f ) =0 g, f=1 ®)
If we assume that f~ f, +¢f; +..., then

ST+ fofs+ (U=12)=0; g—o, [f3=1I (6)

T fof T —afif i+ f1=0; n—oo, fi=0 %)

Note that Eq. (6) is the usual equation for a two-dimensional
stagnation point but that the solutions of interest here will
involve boundary conditions at =0 given by matching
requirements.

Fig. 1 A comparison of exact numerical and approximate velocity
profiles for f,, = —0.5and e = 0.1, —f (), — — —fy(n), —-—-—
-—=Ffi=n/e.
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We proceed by developing solutions in the inner region
defined by Egs. (3). If the inner variables defined by

n=en, f=fo+eftie), F=f )/ (I-a) (8)
are substituted into Egs. {(1-4), then we find
[ —c)E'l +e{{(I—a)f, +ef1F +[2a %S, ——ozk]F}

+e?(I—ay(I-F)y=0 9

foy=Ff =0 {10)

where primes denote differentiation with respect to #, o = (1 —
#)?, and 0=<7 <1. The integral orders of e in Eq. (9) imply
that the solution should be represented as f~ ) +efs +... . It
follows that the describing systems are

[-a( f’a)/}Fo 7,0y =F1(0) =0 (1)

[u-a(Z) ] =-omn ()

fi

—~2a”f. —
(2" —ak) 7

S0y =F3(0y=0 (12)

The solution satisfying Eq. (11} is

. K, P+ #) (5+24) 71
= 2—“-’[— L (2% - |
A= {e-n (2= -

) AN ./ —9+2% 4/ 5
+"2[(“§>M+( 18 )]‘}(‘* ‘5/}
+Ln“r’(1—ﬁ\) (13)

Y 3/

it follows from Eq. (8) that at =1 or p=¢, f{e) =f; (€} +¢f,
(e)+...=f,+ef(L;e). i f,(n), n=0,1... are regular
functions, then f, (e} ~f, {0+ £, (0 +... . To lowest order
the streamfunction f is continuous at #=1 il f,{0)=f,. A
similar argument can be used to show that continuity of the
velocity /7 resuits if

Jil0y =L, {14)
Finally we observe that

17,
fra=a0=f0+o0 == [fra=n+oe] a3

Since we expect from Eq. (6) that f7(0) = 0(1) with respect to
the limit ¢—0, then f,”(i;— 1})=0and &, =0. The valueof L,
remains undefined at this point, but is given by the next higher

- order in the inner solution.
The solution for Eq. (12) can be written as

. : 72 AN krat gt 2%
F=t (-t G-3) 43| -5+

3 4/ 73010 27 3
+‘_2_13@—3'(;42—77)—é)—w—ﬁ)f(w—ﬁ)—g)]}
+ 2 +1a? (1-1) 4, (16)

by defining gy, =T "' = (0,v,/2r} (0 a/u,n} *,
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where /(%) is the functional form muit!pivmg {K,/2}in Eq.
(13). The presence of a term 0(A%%) in #(4) implies that
there will be a spatial nenuniformity in the inner expansion
for f construcied from Egs. (8, 13, and 16}, when efuniy =0(1).
This undesirablc behavior will be suppressed if K, =8, The

Now we invoke higher order continuity of fand f' at n=e.
Using the same type of argument as that given previously, we

find

s

v Leog ; a
S0 == fro=i,(F=A)*L~fH0 an

while continuity of f” at 7 =€ requires that

74 {g ) (18)
Then Egs. (14) and (18) vield
f(}(‘)}+{.fu_(4/3 Lu\ =0 (i9}

Equation (19) provides the missing boundary conditions at
7 =0 for Ea. (6), and corrcsponds to a slip condition because
the shear and velocity are related. It should be noted that
F” {n=¢) is not continuocus. Finally, Eq. (35) of Ref. I is
obtained if k=0.

When f,, —0, the factor {p,v,/2r) in the definition & is not
well defined, because both the mass flux p v, and the local -
regression rate 7 vanish. The indeterminacy can be removed
following
Ref. 1, to find the alternative form !(—me(uen/pea) #
The top of the roughness clement corresponds 1o 5 =1,,. Thus
in the nonsubliming case an explicit value of k can be Cbtamcd
if the roughness element height 5., and the number density
are specified. Note that if &k is large, then Eq. (19) implies tha[
Fi®y =<1, and thus the smooth wall boundary layer 'i> ap-
proached. However one must recognize that when £ =0{c ~')
the e\p'ﬂsion procedure described by Egs. {(9-12) fails because
the &-dependent term in Eq. (9) is than 8(1).7

Resuits
The fy{n) solution can be obtained numerically from Eqs.
(6}, {19), and f,(0)=f,. - With f5(0) known, L, is round from
Eq. (14), and the lowest order inner solution from Eqg. (13).
Figure | provides a comparison of the exact and asymplotic

solutions for f,= —0.5, T =16, and for two values of £,
namely 0, 5. Shown are the exact solutions to Eq. (1), the

£

outer solutions corresponding to fi{n) salisfying the
boundary condition given by Ea. (19), and the resulting inner
solutions f, (1=n/e) fore=0.1. Clearly a compaosite soiution
given by 7, (n) J—f, (7Y —f'{0} is an good agreement with the
exact s\’)lmcn, ‘
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